
Plasma Physics - Homework, 4/6/2012

15. Anisotropic distribution function

An anisotropic distribution function for a two-dimensional equilibrium (∂/∂y = 0) can be written as
F (H,µ) = G(A) exp (−β(A)H − η(A)µB0) with the Hamiltonian H = (m/2)

(
v2
⊥ + v2

‖

)
+ qφ, the

adiabatic moment µ = (m/2)v2
⊥/B, the magnetic field strength B, and the y component of the vector

potential A, where G(A), β(A), and η(A) are arbitrary functions.

(a) Relate β and η to the temperatures T‖ and T⊥ for a bi-Maxwellian distribution.

(b) Calculate the number density n by integrating F over velocity space.

(c) Show that the parallel and perpendicular pressures are p‖ = n(A,B)kBT‖ and p⊥ = n(A,B)kBT⊥

(d) Determine the pressure anisotropy D =
p‖−p⊥
p‖

as a function of B, B0, β, and η.

Solution:

(a) Distribution function:

F (H,µ) = G(A) exp (−β(A)H − η(A)µB0)

= G(A) exp

(
−βm

2

(
v2
⊥ + v2

‖

)
− βqφ− ηB0v

2
⊥

B

)

= G(A) exp
(
−βm

2
v2
‖ − βqφ−

(
η
B0

B
+ β

)
m

2
v2
⊥

)

Such that kBT‖ = 1/β (A) and kBT⊥ = 1/λ with

1

kBT⊥ (A,B)
= η (A)

B0

B
+

1

kBT‖ (A)
or

kBT⊥ (A,B) =
kBT‖ (A)

1 + η (A) B0

B
kBT‖

(b) Calculate the number density n by integrating F over velocity space.

n (A, φ) = G(A) exp (−βqφ)
∫ ∫ ∫

d3v exp
(
−βm

2
v2
‖ − λ

m

2
v2
⊥

)
= 2πG(A) exp (−βqφ)

∫ ∞
−∞

dv‖ exp
(
−βm

2
v2
‖

) ∫ ∞
0

dv⊥v⊥ exp
(
−λm

2
v2
⊥

)

= 2πG(A) exp (−βqφ)

√
2π

βm

(
− 1

λm
exp

(
−λm

2
v2
⊥

))∞
0

n (A, φ) =

√
2π

βm

2π

λm
G(A) exp (−βqφ)

Normalization:

=⇒ G(A) exp (−βqφ) =
m

2πkBT⊥

√
m

2πkBT‖
n (A, φ)



(c) Show that the parallel and perpendicular pressures are p‖ = n(A,B)kBT‖ and p⊥ = n(A,B)kBT⊥

p‖ = mG(A) exp (−βqφ)
∫ ∫ ∫

d3vv2
‖ exp

(
−βm

2
v2
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m

2
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)
= m

2π

λm
G(A) exp (−βqφ)

∫ ∞
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2
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(
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2
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‖
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2π
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G(A) exp (−βqφ)

√
π

2

(
2

βm

)3/2

=
2π

λm
G(A) exp (−βqφ)

√
2π

βm
kBT‖

= n (A, φ) kBT‖

p⊥ = mG(A) exp (−βqφ)
∫ ∫ ∫

d3vv2
⊥ exp

(
−βm

2
v2
‖ − λ

m

2
v2
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)

= 2πm

√
2π
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∫ ∞
0
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1

2
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(
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= πm

√
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⊥
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)
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(
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= π

√
2π
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2

λm
kBT⊥ = n (A, φ) kBT⊥

(d) Determine the pressure anisotropy D =
p‖−p⊥
p‖

as a function of B, B0, β, and η.

D =
T‖ − T⊥
T‖

=
1/β − 1/λ

1/β

= 1− β

λ
= 1− 1

ηB0

βB
+ 1

= 1−
(
η
B0

B
kBT‖ + 1

)−1



16. Magnetotail equilibrium

An asymptotic two-dimensional magnetotail equilibrium is determined by the y component of the vector
potential

A (x1, z) = A0 ln [l (x1) cosh (z/l (x1))] with l (x1) = (2p0 (x1))
−1/2

with x1 = εx and ε� 1.

(a) Determine the magnetic field components, the current density, and the pressure resulting from this
choice of the vector potential. Describe the magnetic field configuration.

(b) Examine the force balance equation and determine the deviation from exact force balance along the
x and z direction. What are the conditions that this error remains small?

Solution:

(a) Magnetic field components, the current density, and the pressure resulting from this choice of the
vector potential.

With z̃ = z/l and x1 = εx the pressure is straightforward and follows from

p (A) =
1

2
exp (−2A)

=
1

2
exp {−2 ln [l (x1) cosh z̃]}

=
1

2
(exp {ln [l (x1) cosh z̃]})−2 =

1

2

[
(2p0 (x1))

−1/2 cosh z̃
]−2

=
1

2
(2p0 (x1)) cosh−2 z̃ =

1

2l2
cosh−2 z̃

= p0 (x1) cosh−2 z̃

Magnetic field components with ∂x1 ln l = ˙lnl = l̇/l and ∂x1z/l = −l̇z/l2 = −z̃ ˙lnl and ∂x = ε∂x1 :

Bx (x1, z) = −∂zAy = −∂z {A0 ln [l (x1) cosh z̃]}

= − A0l

l cosh (z̃)
∂z cosh z̃

= − A0

l (x1)
tanh z̃

Bz (x1, z) = ∂xAy = ∂x {A0 ln [l (x1) cosh z̃]}

=
A0∂x [l (x1) cosh z̃]

l (x1) cosh (z̃)
= ε

A0

[
l̇ (x1) cosh z̃ − z̃l ˙lnl sinh z̃

]
l (x1) cosh (z̃)

= εA0
˙lnl (1− z̃ tanh z̃)

Current density:

jy = −
(
∂2Ay
∂x2

+
∂2Ay
∂z2

)
= −∂xBz + ∂zBx

= −εA0∂x
[

˙lnl (1− z̃ tanh z̃)
]
− A0∂z

[
1

l (x1)
tanh z̃

]



= −ε2A0

[
l̈nl (1− z̃ tanh z̃)−

(
˙lnl
)
∂x1 (z̃ tanh z̃)

]
− A0l

−2 cosh−2 z̃

= −ε2A0

[
l̈nl (1− z̃ tanh z̃)−

(
˙lnl
) (
−z̃ ˙lnl tanh z̃ − z̃2 ˙lnl cosh−2 z̃

)]
− A0l

−2 cosh−2 z̃

= −ε2A0

[
l̈nl (1− z̃ tanh z̃) +

(
˙lnl
)2 (

z̃ tanh z̃ + z̃2 cosh−2 z̃
)]
− A0l

−2 cosh−2 z̃

(b) To examine force balance we need the pressure gradients:

∂xp = ∂x
1

2l2 (x1)
cosh−2 z̃ = −ε

˙lnl

l2 (x1)
cosh−2 z̃ (1− z̃ tanh z̃)

∂zp = ∂z
1

2l2 (x1)
cosh−2 z̃ = − 1

l3 (x1)
cosh−2 z̃ tanh z̃

Force balance:

−∂xp+ jybz = ε
˙lnl

l2 (x1)
cosh−2 z̃ (1− z̃ tanh z̃) + ε ˙lnl (1− z̃ tanh z̃) ·{

−ε2
[
l̈nl (1− z̃ tanh z̃) +

(
˙lnl
)2 (

z̃ tanh z̃ + z̃2 cosh−2 z̃
)]
− l−2 (x1) cosh−2 z̃

}
= −ε3 ˙lnl (1− z̃ tanh z̃)

[
l̈nl (1− z̃ tanh z̃) +

(
˙lnl
)2 (

z̃ tanh z̃ + z̃2 cosh−2 z̃
)]

−∂zp− jybx =
1

l3 (x1)
cosh−2 z̃ tanh z̃ +

1

l (x1)
tanh z̃ ·{

−ε2
[
l̈nl (1− z̃ tanh z̃) +

(
˙lnl
)2 (

z̃ tanh z̃ + z̃2 cosh−2 z̃
)]
− l−2 (x1) cosh−2 z̃

}
=
−ε2

l (x1)
tanh z̃

[
l̈nl (1− z̃ tanh z̃) +

(
˙lnl
)2 (

z̃ tanh z̃ + z̃2 cosh−2 z̃
)]

Force balance along the x direction (z = 0):

−∂xp+ jybz = −ε3 ˙lnll̈nl

Force balance along the z direction (x = 0, z � 1, tanh z̃ ≈ 1 ):

−∂zp− jybx =
−ε2

l (x1)

[
l̈nl (1− z̃) +

(
˙lnl
)2
z̃
]

=> error = O (1) for z̃ = ε−2


